
Reconstruction of a signal from time-averaged data

Alistair B Forbes1,
1National Physical Laboratory, Hampton Road, Teddington, Middlesex, TW11 0LW, UK

Abstract. In measurement applications such as air quality monitoring, sensors record the average of
a signal of over a fixed time period, for example, every hour or every day. Sensor networks may involve
a number of different types of sensors with different temporal resolutions, for instance, expensive
reference sensors recording accurate, hourly averages and inexpensive sensors recording noisy averages
every ten minutes. In addition, readings for some time periods may be missing. In this paper, we
discuss methods to combine sensor data representing heterogeneous time averages in order to i)
reconstruct an estimate and associated uncertainty of signal at any given time, and ii) use data from
reference sensors to calibrate low cost sensors in situ.

1 Introduction

Many monitoring instruments gather time-averaged
data. For example, the London Air Quality Network
of reference sensors [6] provides 15 minute or hourly
averages. Often we wish to combine knowledge gath-
ered from instruments using different time-windows,
e.g., reference sensors providing hourly averages along
with low-cost sensor providing less accurate data at
finer time resolutions. There are often problems with
how to interpret time-averaged data where it is known
that some of the averages are taken over a partial pe-
riod due to missing data. We may also want a con-
struct the signal in finer time-resolved steps in order
to make comparisons with other variates. In this pa-
per, we present a general approach for constructing
a signal from time-averaged data. We make almost
no assumptions about the regularity of the averaging
process and the algorithm works for data representing
averages over completely random sets of time steps.
Instead, we make an assumption that at least part of
the underlying process evolves smoothly so that the
responses at nearby times are correlated to some ex-
tent. In section 2 we describe a general model for time-
averaged data related to a temporally-correlated sig-
nal and in section 3 we describe how the model param-
eters can be determined from time-averaged data. In
section 4, we illustrate how the signal reconstruction
process behaves on problems that occur in practice.
Our concluding remarks are given in section 5.

2 General model for time-averaged data

We assume that a signal xq at time tq can be modelled
as

x = Ca+ e+ δ, (1)

where x = (x1, . . . , xq, . . . xM )T is the signal at times
t = (t1, . . . , tq, . . . tM )T, a are parameters that de-
scribe expected characteristics of the system such as
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drift and/or cyclical behaviour, C is the observation
matrix associated with x and is usually specified by
basis functions evaluated at t, e are temporally cor-
related effects [1,7] whose correlation is modelled in
terms of a correlation kernel

cov(e, e′) = k(t, t′),

e.g.

k(t, t′|σ, τ) = σ2
E exp

{
− 1

2τ2
(t− t′)2

}
, (2)

and δ are uncorrelated random effects δ ∈ N(0, σ2
RI).

We let Ve be the M ×M variance matrix associated
with e calculated using t and assume that

e ∈ N(0, Ve), Ve = Ve(t|σ2
E , τ). (3)

We also assume that the times {t1, t2, . . . , t)M} are
regularly spaced.

We assume that a number of time-averaged mea-
surements y = (y1, . . . , ym)T are available. We let
ti ⊂ {t1, . . . , tM} be the times associated with the
ith measurement, ni the number elements in ti, and
di be the M × 1 vector such that dq/ni if tq is an el-
ement of ti and is zero otherwise. Thus, the vector di

can be used to construct the average dT
i x of the signal

x over the times ti. The ith measurement is modelled
as

yi = dT
i x+ εi, εi ∈ N(0, σ2

i ). (4)

We denote by V (σ) the diagonal variance matrix with
σ2
i in the ith diagonal element. If D is the m × M

matrix with dT
i in the ith row, then (4) can be written

in matrix-vector form

y = Dx+ ε, ε ∈ N(0, V (σ)). (5)

In most circumstances,m, the number of time-averaged
data recorded, will be significantly smaller than M ,
the complete set of times. The goal of the analysis is
to estimate the signal x based on the measurements
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y gathered according to (4), and the prior correlation
information about e specified by (3).

The formulation in (5) is quite general. The ma-
trix D can represent any set of time averaging so
that a quite heterogeneous set of sensors can be mod-
elled in this way. For example, some sensors providing
monthly averages do so in either four or five week time
intervals, depending on the length of the month. There
is no requirement that the vectors ti (and thereforeD)
represent a sets of contiguous time steps, although in
most practical applications they will be. The matrix
V (σ) allows for different sensor accuracies to be repre-
sented, e.g., an accurate (expensive) reference sensor
giving hourly averages along side a (low cost) sensor
giving ten minute averages with much less accuracy.
The model can be expanded to incorporate parame-
ters b that represent calibration parameters for the
less accurate sensors [3] so that the reference sensor
can be used to calibrate the less accurate sensors in
situ. A simple example of this type of co-calibration is
given below.

3 Estimation of the model parameters

Let D be the m ×M matrix with dT
i in the ith row

and Le the Cholesky [4] of factor of Ve = LeL
T
e and

introduce the parameters f related to e through e =
Lef so that (1) and (4) can be combined to form

y = DLef +DCa+Dδ + ε, (6)

with

δ ∈ N(0, σ2
RI), ε ∈ N(0, V (σ)), f ∈ N(0, I).

Re-defining ε to be the sum of the random effectsDδ+
ε, we end up with

y = DLef +DCa+ ε, (7)

with

f ∈ N(0, I), ε ∈ N(0, V (σ) + σ2
RDDT).

Let L(σ, σR) be the Cholesky factor of

V (σ) + σ2
RDDT = L(σ, σR)L

T(σ, σR).

and define the weighting matrix W = W (σ, σR) by

W (σ, σR) = L−1(σ, σR).

Estimates f̂ and â of f and a, respectively, are found
by solving the least squares system

Čǎ ≈ y̌, (8)

where

Č =

[
WDLe WDC

I

]
, ǎ =

[
f
a

]
, y̌ =

[
Wy
0

]
.

The use of the weighting matrix W ensures that the
variance matrix associated with the data y̌ is the iden-
tity matrix. This means that the variance associated

with the estimates [âTf̂ ]T is given by

Vǎ =
(
ČTČ

)−1
.

The estimated signal is given by x̂ = Câ+ Lef̂ with
associated variance matrix

Vx̂ = [Le C]Vǎ[Le C]T.

4 Numerical examples

4.1 Reconstruction of a signal from hourly
averages

We first illustrate the behaviour of the algorithm in
addressing the problem of determining estimates of a
signal at every five minutes given hourly averages. The
model involves parameters a modelling a linear trend.
The simulation data was generated as in equation (6),
with the independent random component δ generated
with σR = 0.01 and the temporally correlated com-
ponent e generated as in (3) using the kernel in (2)
with σE = 0.1 and correlation times scale parame-
ter τ = 1.00, 0.50 and 0.25. The hourly averages are
generated as in (4) with σi = 0.005. The unit for the
times is 1 hour. The signal is in arbitrary units for
this simulation. The three values of τ correspond to a
correlation between the signal at one time and at one
hour later (or earlier) being 0.61, 0.14 and 0.000 3,
respectively.

Figure 1 shows the reconstructed signals for data
corresponding to the three values of τ over a 12 hour
period. For the case τ = 1.00 (top graph), the recon-
structed signal is a very good representation of the
actual signal over the period. Considering that we are
estimating the 144 values of the signal xi (every five
minutes over 12 hours, along with the two linear drift
parameters a, from just 12 measurements, the quality
of the reconstruction is very good. The reason for this
is that the temporal correlation is forcing a degree of
smoothness on the signal and the hourly averages are
sufficient to select a good reconstruction from all the
possible signals with the requisite degree of smooth-
ness.

A more quantitative argument can be derived by
looking at the eigenvalues associated with the vari-
ance matrix Ve. The sum of the eigenvalues is equal
to the trace of Ve, the sum of the diagonal elements of
the variance matrix. For the case τ = 1.00, the largest
10 eigenvalues account for approximately 98 % of the
trace of Ve, indicating that Ve can be approximated
well by a rank 10 matrix. Or, in other words, there
is a small number of effective degrees of freedom as-
sociated with the model [2,5] so that the 12 hourly
averages determine good estimates of these parame-
ters. The reconstructed signal explains over 98 % of
the variance of the data.

The reconstruction for the case τ = 0.50 is given
in the middle graph of figure 1. For this case, it is
clear that the reconstruction does not capture all ele-
ments of the signal. The largest 10 eigenvalues of Ve
account for approximately 80 % of its trace while the
reconstructed signal accounts for approximately 78 %
of the variance of the data. The bottom graph in fig-
ure 1 is the reconstruction for the case τ = 0.25. For
this case, largest 10 eigenvalues of Ve account for ap-
proximately 48 % of its trace while the reconstructed
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signal accounts for approximately 47 % of the variance
of the data. From another point of view, there is a
much broader range of signals with the same smooth-
ness characterisation that could have given rise to the
measured hourly averages.
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Fig. 1. Reconstruction (solid line) of a simulated signal
sampled at 5 minute intervals (dots) from hourly aver-
ages (squares) for data generated with timescale parameter
τ = 1.00 (top), 0.50 (middle) and 0.25 (bottom). The unit
associated with times is 1 hour. The signal is in arbitrary
units.
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Fig. 2. Reconstruction (solid line) of a simulated signal
sampled at 5 minute intervals (dots) from i) hourly aver-
ages from a reference sensor (upper) ii) 10 minute averages
from a low-cost sensor with a calibration offset (middle),
and ii) both sets of sensor data (lower), for data generated
with timescale parameter τ = 1.00. The unit associated
with times is 1 hour. The signal is in arbitrary units.
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Fig. 3. As fig. 2 but for τ = 0.50.
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Fig. 4. As fig. 2 but for τ = 0.25.

4.2 Collaborative measurement using a reference
and low-cost sensor

The second set of simulations relates to the very prac-
tical requirement of how to combine less accurate, low-
cost sensors with a reference sensor in order to deliver
an enhanced capability. The simulations involve ex-
actly the same set of signals and hourly averages as
described above in section 4.1. However, 10 minute
averages are also available from a low cost sensor that
provide measurements yi related to x according to

yi = b+ dT
i x+ εi, εi ∈ N(0, σ2

L), (9)

where b is an offset common to all the measurements
and εi is a random effect with associated uncertainty
σL. The low-cost nature of the sensor is modelled in
this case by the offset, with modest prior informa-
tion b ∼ N(0, σ2

O), with σO = 0.1, and the fact that
σL = 0.025 is five times greater than σi = 0.005 for
the reference sensor. This additional sensor can be ac-
counted for in the general model (6) through appro-
priate assignment of the matrices C, D and V (σ).

Figure 2 shows in the upper graph the reconstructed
signal of a simulated signal derived from the reference
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Fig. 5. Standard uncertainties associated with the recon-
structed signals determined from i) reference sensor data
alone (dashes), ii) low-cost sensor data alone (dot-dashes),
and iii) both sets of data (solid) for the cases τ = 1.00
(upper graph), τ = 0.5 (middle) and τ = 0.25 (lower).

data alone, for the case τ = 1.00. This signal is exactly
the same as that in the upper graph of figure 1. The
middle graph in figure 2 is the signal reconstructed
from the low-cost sensor data alone. The reconstruc-
tion is seen to follow the data well but is offset due
to the systematic effect b. The uncertainty associated
with this systematic effect determined from the low-
cost data alone is exactly the same as the prior un-
certainty σO: the data provides no extra information
about b. The lower graph in figure 2 is the signal recon-
structed from both the reference and low-cost sensor
data and gives a good reconstruction of the data, as
in the upper graph. The standard uncertainty asso-
ciated with b derived from the combined data set is
u(b) = 0.004, comparable with the standard deviation
σi = 0.005 of the random effects associated with the
reference sensor, showing that the analysis of the com-
bined set of data gives an accurate in situ calibration
of the low-cost sensor.

The upper graph in figure 5 gives the standard
uncertainty associated with the three reconstructed
signals. The uncertainty associated with signal recon-
structed from the low-cost sensor alone is dominated
by the uncertainty of 0.1 associated with the offset
b. The uncertainties associated with the other recon-
structions are similar with the combined data set giv-
ing marginally lower uncertainties, as expected. In a
practical setting, the low-cost sensor is providing lit-
tle useful information if the background signal is suf-
ficiently smooth (but the collaborative approach pro-
vides the in situ calibration).

Figure 3 provides similar reconstructions as fig-
ure 2 but for the case τ = 0.5, representing less smooth
signals. Here, the main outcome is that the collabora-
tive approach, in the lower graph, shows a good recon-
struction of the signal, significantly better than that
derived from the reference (upper) or low-cost sen-
sor data (middle) alone. This fact is also reflected in
the standard uncertainties associated with the recon-

structed signals with the uncertainties associated with
the collaborative approached significantly smaller that
those for the other two reconstructed signals.

Figure 4 shows the reconstructions for the case τ =
0.25 and again shows the collaborative approach gives
a good reconstruction (lower graph). The benefit of
the collaborative approach, in terms of the standard
uncertainties in the reconstructed signals, is seen in
the lower graph of figure 5.

For all three values of τ , the standard uncertainty
u(b) associated with the estimate of b derived from
the combined data sets is u(b) = 0.004, demonstrat-
ing that the collaborative approach can determine an
accurate in situ calibration of the low-cost sensor.

5 Concluding remarks

We have described a general algorithm for reconstruct-
ing a signal from time-averaged data and illustrated its
performance on simulated data representing practical
problems in air quality monitoring, for example. The
underlying model uses a prior assumption of temporal
correlation in the signal in order to improve the recon-
struction. The algorithm can be used to estimate the
signal at finer time resolutions, for combining multi-
ple data streams that are averaged over different time
windows, and providing the in situ calibration of sen-
sors against a reference sensor.
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