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Model’s output variance can increase when input variance decreases :
a sensitivity analysis paradox ?
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Résumé. Pour certains modèles, réduire la variance d’une ou plusieurs variables d’entrée provoque une augmentation de la variance de la sortie du modèle. Ce phénomène n’est pas concevable dans le cadre des modèles
linéaires décrits par le GUM, mais peut être, en revanche, observable par propagation des distributions sur des
modèles non-linéaires. Dans tous les cas, les méthodes d’analyse de sensibilité basées sur une décomposition
de la variance sont aveugles à ce phénomène. Actuellement, seule la méthode des gradients de la variance permet de le détecter et d’en prédire les eﬀets. Dans cette étude, nous nous sommes posés plusieurs questions :
(1) quel type de modèle peut produire cette inversion ? ; (2) quelle est l’inﬂuence de la distribution des variables d’entrée ? ; et (3) cette inversion est-elle un artefact lié à l’utilisation de la variance comme descripteur de
l’incertitude ? Des réponses ont été obtenues à l’aide d’expérimentations numériques. Le code permettant de
reproduire les résultats est fourni en Annexe.

1 Introduction

studies. We also wanted to assess the role of the inputs
probability density function (PDF).
Faced to this counter-intuitive phenomenon, one can
also question the pertinence to use the variance as a descriptor of uncertainty, and we studied the behavior of
a more robust statistics, the (symmetric) 95 percent interquantile range IQ95 .
In the next section we brieﬂy review the VG concept
and present the computational details. In Section 3, we
provide examples of elementary models presenting negative VG indices, or not, and study them by propagation
of distributions [2]. These case studies nourish the general
discussion in Section 4.

The current paradigm in uncertainty propagation
would be “the smaller the uncertainty on the inputs of a
model, the smaller the uncertainty on this model’s output(s)”. This is certainly true in the context of the Law
of Propagation of Uncertainty (LPU) [1], valid for models
approximately linear.
For nonlinear models, uncertainty estimation by propagation of distributions [2] can produce less intuitive results. In fact, for some models, the inverse behavior is observed : reducing the uncertainty uX of an input parameter
X can increase the uncertainty uY on the model’s output
Y = f (X). 1
This was observed for the Ishigami function –a classical benchmark model for sensitivity analysis methods– by
the authors of the variance gradients (VG) sensitivity analysis method [3]. The ability of the VG method to detect
such cases is remarkable, because the most popular sensitivity analysis methods, based on variance decomposition,
are blind to the phenomenon.
The Ishigami function being rather involved, we found
interesting to search elementary model functions for which
negative VG indices can be obtained and appreciate if
these models can be of interest in measurement uncertainty

Variance gradients have been introduced [3] as sensitivity measures for nonlinear functions of n independent
random variables Y = f (X1 , . . . , Xn ). VG indices G Xi are
deﬁned as


∂Y
(Xi − μXi )
E (Y − μY ) ∂X
i
.
(1)
G Xi =
u2Y

a. e-mail: pascal.pernot@u-psud.fr
1. We guarantee the reader the immediate attention of incredulous
coworkers when (s)he states this proposition, especially from those
trained to LPU.

They are dimensionless and vary in ] − ∞, +∞[.
For non-linear models, the VG indices do not sum to

one, i G Xi  1. Besides the possible negativity of VG
indices, this is a major diﬀerence with sensitivity analysis

2 Methods
2.1 Variance Gradients
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Figure 1. Model curve Y = exp(−|X|) and probability density
function PDF(X) for a = 2.

measures based on variance decomposition. However, for
linear models, Eq. 1 recovers the standard decomposition
of variance, i.e.

2
1 ∂Y
G Xi = 2
u2Xi
(2)
uY ∂Xi
is the portion of the output variance due to Xi [1]. In this
case, G Xi indices vary in [0, 1] and sum to 1.
For all model types, G Xi quantiﬁes the eﬀect of a
change in the variance of Xi on u2Y :




u2Xi = (1 + p) × u2Xi =⇒ u2Y  (1 + pG Xi ) × u2Y ,

(3)

i.e., a change of 100 × p percent of u2Xi would cause a
change of 100 × p × G Xi percent of u2Y . For non-linear
models, this relation is expected to hold for small variations (|p|  1), whereas for linear models, it is valid for
any p ≥ −1. This points to a convenient and little known
interpretation of the usual analysis of variance coeﬃcients
for linear models.
For non-linear models, the VG indices provide information that cannot be obtained by sensitivity measures
based on variance decomposition. For instance, as reported
by Campanelli et al. [3], and veriﬁed below (Sect. 3.4), VG
indices provide a correct ranking when considering small
inputs variance reduction. By contrast, global sensitivity
analysis tools such as the Sobol method [4], inform us on
the output variance reduction to be expected from a full
cancellation of the variance of each input.

Figure 2. Symmetric-exponential model : output uncertainty uY ,
symmetric 95 percent coverage interval IQ95 and VG index G X
as a function of the input distribution standard uncertainty uX ,
where X is uniformly distributed (top) or normally distributed
(bottom) and centered in 0. Lines : analytical ; bullets : Monte
Carlo.

A R code example for the VG analysis of onedimensional models is provided in the Appendix.

3 Numerical experiments
Several models have been selected to display
the main features linked to negative VG indices.
They are mostly one-dimensional elementary functions
(symmetric-exponential, hyperbolic tangent and sine). We
also included the Ishigami function as an example of a
multi-dimensional model.
3.1 The Symmetric-exponential model

2.2 Numerical applications

The results presented next were obtained by Monte
Carlo uncertainty propagation [2]. The VG indices
were computed using Monte Carlo samples generated for the propagation of distributions. All calculations have been made in R [5], with functions
gumS1 and vgSA from our teaching package rgumlib
(https ://github.com/ppernot/rgumlib). Sobol indices have
been calculated with the soboljansen function of package sensitivity [6].

Let us ﬁrst consider the following model
Y
X

= exp(−|X|)
∼ Uni f (−a, a)

(4)
(5)

where
X is uniformly distributed, with half-width a =
√
3uX , and centered in 0 (Fig. 1).
For this model, we derived analytical results for the
quantities of interest, in order to validate the Monte Carlo
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Figure 3. Symmetric-exponential model : 2D density plot of the probability density function of Y as a function of uX . Cuts at selected
uX values are presented in the right panel. The corresponding values of the variance uY and VG index G X are reported above the cuts.

3.1.2 Application example

estimations :
1 − e−a
(6)
a
−2a
1−e
=
(7)
− y2
2a
1
=
×
2au2Y


2a + 1 −2a
1
e − 2y (a + 1)e−a − 1 − (8)
2
2

y =
u2Y
GX

3.1.1 Numerical results

Uncertainty propagation has been performed for a series of uX values by Monte Carlo, with 105 runs per point.
The variations of G X and uY with uX are presented in Fig.
2-(top). They are in perfect agreement with the analytical
results. The symmetric 95 percent coverage interval IQ95
estimated from the Monte Carlo samples has also been reported in Fig. 2-(top).
The uY curve presents two regimes : for small values
of uX , uY increases with uX (which would be the “intuitive” LUP-compliant behavior), then it passes by a maximum and decreases. Simultaneously, the VG index G X decreases continuously from 1 to negative values. The maximum of uY corresponds to the value of uX where G X
changes its sign (uX  1.9). The IQ95 statistics follows a
similar behavior as uY . As the PDF of Y is non-symmetric,
we also evaluated the behavior of Shortest Probability Intervals [7], with the same conclusion (not shown).
Similar results have been obtained for the Gaussian
model Y = exp(−X 2 ) (not shown), and can be extended
to any single peak/dip shape function with a ﬂat baseline.

Using Eqs. 6-8, for a = 4 one has u2X = 5.33, u2Y =
0.0647 and G X = −0.10. A relative increase of 10 percent
of u2X (p = 0.1), leads to u2Y = 0.0640, i.e. a relative decrease of u2Y by 1 percent, conﬁrming the interpretation of
VG indices (Eq. 3).
3.1.3 Output Probability Density Function

We built histograms of Y samples to approximate
PDF(Y) and collected them to design a 2D density plot,
as a function of uX and Y (Fig. 3). The PDF of Y is unimodal for all values of uX . As uX increases, the maximum
probability density moves from the high values of Y to the
lower ones. For large values of uX , there is an accumulation of the propability density at the lower values of Y
which induces a decrease of variance. We will consider
the value Y = 0 as an accumulation point for PDF(Y).
3.1.4 Effect of X distribution shape

To evaluate the impact of the input’s PDF, Monte Carlo
estimates of G X , uY and IQ95 have been generated with a
normal law of mean 0 and standard deviation uX ,
X

∼

Norm(0, uX ).

(9)

The results are reported in Fig. 2-(bottom). All quantities
present similar behavior as observed for the uniform distribution. The maximum of uY is reached for a value of
uX very close to the one observed for the uniform distribution. For the present model, the shape of PDF(X) has a
minor inﬂuence on the results of VG analysis.
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Figure 4. Curve for the Tanh
√ model and probability density function PDF(X) for uX = 1/ 3.

Figure 6. Model curve Y = sin(X) and probability density function g(X) for a = 2.

estimate the asymptotic value for u2Y to be close to 1, in
agreement with the Monte Carlo simulations. IQ95 reaches
more rapidly its asymptotic value of 2, also in agreement
with the properties of the Beta distribution.
3.3 The Sine model

Let us now consider the Sine model (Fig. 6)
= sin(X)
∼ Uni f (−a, a)

Y
X
Figure 5. Tanh model : uY , IQ95 and G X as a function of the input
uncertainty uX , where X is uniformly distributed and centered in
X = 0.0.

This model diﬀers from the previous ones in the sense that
there is no asymptotic accumulation point(s).
Analytical expressions of the mean, variance and VG
index are
y

3.2 The Hyperbolic tangent function

u2Y

The previous example hints at the role of accumulation points in variance reduction. We consider now a
model with two distinct asymptotic accumulation points
in Y space, the hyperbolic tangent function (Fig. 4)
Y
X

=
∼

tanh(X)
Uni f (−a, a)

(10)
(11)

Monte Carlo estimation of the quantities of interest are
reported in Fig. 5 : uY increases monotonically and reaches
an asymptote, while G X decreases monotonically to zero.
We plotted also a line depicting the variance increase in
the LPU/GUM approximation, verifying that the linear approximation is valid for small values of uX .
As uX increases, the points of the output sample symmetrically accumulate towards the limits of Y. The asymptotic shape with uX of the PDF of Y should then be well
represented by a Beta distribution
lim PDF(Y)  lim Beta(0.5(Y − 1); α, β).

uX →+∞

α,β→0

(12)

Knowing that the asymptotic variance for the standard
Beta distribution when α and β vanish is 0.25, one can

(13)
(14)

GX

= 0


sin 2a
1
1−
=
2
2a


1 sin 2a
=
−
cos
2a
2a
4u2Y

(15)
(16)
(17)

Monte Carlo estimation of the quantities of interest are
reported in Figs. 7-(top) and 8. The Monte Carlo values
match perfectly the analytical results (Eqns. 16 and
√ 17).
The value of uY increases with uX until a = 3uX becomes slightly larger than 3π/4 and then displays damped
oscillations
with period a = π around its asymptotic value
√
of 1/ 2. G X oscillates with the same period and a phase
shift of −π/4. For large values of uX , G X is dominated by
the cos 2a term, without damping of its oscillations. IQ95
presents oscillations of smaller amplitude.
Looking at the 2D density plot of PDF(Y) (Fig. 8), the
ﬁrst maximum of uY corresponds to an accumulation of the
probability density around the extremal values of Y, such
as for the tanh model. However, for larger values of uX ,
more points are sampled from the central values of Y, leading to a decrease of uY . The oscillatory pattern is damped,
as each new period adds a decreasing relative contribution
to PDF(Y).
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Figure 7. Sine model : uY , IQ95 and G X as a function of uX ; (top)
X uniformly distributed and centered in 0 ; (bottom) X normally
distributed and centered in 0. The full line represents the value of
(GUM). The vertical
uY estimated by combination of variances
√
dashed lines represent values of a = 3uX multiples of π/4.

3.3.1 Effect of X distribution shape

Monte Carlo estimates of G X , uY and IQ95 have been
generated with a normal distribution for X (Eq. 9). The results are reported in Fig. 7-(bottom). The oscillatory pattern is almost fully damped. G X does not become signiﬁcantly negative (i.e. beyond the sampling uncertainty). The
spread of the normal distribution overlaps simultaneously
regions of decrease and increase observed for the uniform
distribution, with a practically null budget.
This model shows that local accumulation points can
be a source of negative VG indices, but the latter are more
sensitive to the shape of the distribution of X than for
asymptotic accumulation points.
3.4 The Ishigami function

In their seminal paper, Campanelli et al. [3] applied the
VG method to the Ishigami function and obtained a negative index. We reproduce here this experiment and analyze
the results in the light of the preceding models.
Y
X1 , X2 , X3

=

sin(X1 ) + 7sin(X2 )2

+0.1sin(X1 ) ∗ X34
∼ Uni f [−π, π]

(18)
(19)

Monte Carlo uncertainty propagation with 106 samples
provides uY = 3.72 (Table 1). Our results are numerically
identical to the original paper ([3], Table 7).
The VG analysis reveals a negative coeﬃcient for X1
(Table 1). Its occurrence can be directly interpreted by the
presence of local accumulation points, as seen in the Sine
model. Considering the dependence of Y on X2 , negative
VG indices are also likely
√ to occur periodically for this
variable, for instance at 3uX2 = 3π/4, 5π/4 . . . (G X2 
−0.2).
The ranking of the variables obtained by the ﬁrst order
Sobol indices and by the VG indices are remarkably diﬀerent (Table 1). Sobol indices suggest that reducing the variance of X1 or X2 should have the largest impact, whereas
VG indices suggest that there is more to be expected from
reducing the variance of X3 . As explained above, this illustrates the diﬀerent purposes of both indices : Sobol indices refer to a full cancellation of each input’s variance,
whereas VG indices refer to a small reduction of their variance.
To assess the validity of the VG ranking, we performed
a 10 percent variance reduction of all variables individually 2 . The results are reported in Table 1. In each case,
the relative variation of variance Δu2Y /u2Y is computed (1)
from the Monte Carlo samples ; and (2) by the VG estimator, i.e. Δu2Y /u2Y  0.1×G Xi . The agreement is very good in
all cases, and the most eﬃcient reduction (18 %) is indeed
observed for X3 , which has the smallest ﬁrst order Sobol
index.

4 Discussion
Examples above show that negative VG indices are not
a property of exotic models, and that the prediction of variance variation derived from the VG indices are conﬁrmed
by simulations.
We discuss next two points of interest : (1) the link
of negative VG indices with the presence of accumulation points in PDF(Y) ; and (2) the need to complement
the GUM-Supp1 with basics of sensitivity analysis.
4.1 Importance of accumulation points

We have shown the role of accumulation points in the
PDF(Y) for the occurrence of negative VG indices, accumulation points linked to asymptotic or local null derivatives of the model. We have not performed an exhaustive
exploration of models, but salient features of the few models studied above enable to characterize nonlinear models
suitable to display negative VG indices.
The main point is that the model should present null
partial derivatives in the variation range of X. These null
derivatives correspond to values of Y for which peaks (accumulation points) might appear in the PDF of Y. We have
seen that a single asymptotic accumulation point will lead
to negative VG indices. By contrast, if the distribution of
Y is drawn towards two asymptotic accumulation points,
2. Campanelli et al. [3] have also done this veriﬁcation but did not
publish the results
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Figure 8. Sine model : 2D density plot of the probability density function of Y as a function of uX . Cuts at selected uX values are
presented in the right panel. The corresponding values of the variance uY and VG index G X are reported above the cuts.

uY is expected to increase monotonously with uX . The
presence of local accumulation points might also induce
negative VG indices. Therefore, the sampling of any nonmonotonous model is liable to produce negative VG indices.
Note that these features will be most prominent for input variables with sharply bounded distributions, e.g., uniform PDFs. In particular, the presence of local accumulation points might be totally damped by a normal input
PDF.
4.2 Scope

It is to be expected that users studying non-linear models in the presence of large inputs uncertainty by Monte
Carlo uncertainty analysis have fair chances to encounter
them. The combination of non-linear models and large
input uncertainties has been reported for instance in the
chemical modeling of planetary atmospheres [8], or in astrochemistry [9].
In metrology, where uncertainties are more controlled,
negative VG indices should be infrequent.
4.3 Interest of VG for the GUM Supp1

We have shown above that the decrease of output variance with the increase of input variance is not an artefact observed for exotic models. We might still question
if this is an artifact of the variance itself as an estimator
of uncertainty, and, perhaps, revise the deﬁnition of uncertainty. We have observed on all the example models that
more robust statistics, such as IQ95 display the same behavior as the variance. In fact, we have seen that the shape
of the PDF(Y) itself is aﬀected by the presence of null

derivatives in the model. We have therefore to consider
this phenomenon as normal, even if reconciliation with the
LPU paradigm is impossible. This can be considered as an
added value of the propagation of distributions.
It seems important to us that users of the GUMSupplement 1 [2] be warned of this possibility. Variance
Gradients should be proposed as a standard tool of sensitivity analysis (an elementary implementation in R is provided in the Appendix). Beyond the merit of revealing
negative VG indices, it provides in all cases a predictive
assessment of the importance of variables in the uncertainty budget. The impact of small reductions of variance
of the uncertain parameters might be of higher interest to
the measurement community than the rankings provided
by other sensitivity analysis methods.
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Appendix : R code
The following code can be pasted and run in a R console. It implements the example in Section 3.1.2, and can
be easily adapted to any other model. The vgSA function is of general scope and uses the numDeriv package [10] to compute derivatives of the model function.
A full version of the vgSA function is accessible from
https ://github.com/ppernot/rgumlib.
Please note that the large number of Monte Carlo samples (nMC = 106 ) used here is necessary for a good estimation of the relative change in u2Y ; in routine tasks,
smaller sample sizes can be used to estimate G X .
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vgSA = function(yFunc,X,Y) {
# Compute VG indices
# - yFunc : model function
# - X
: matrix of inputs values
# - Y
: vector of output values
library(numDeriv)
# Compute derivatives
fD = apply(X, 1,
function(x) {
fun = function(x)
do.call(yFunc,as.list(x))
numDeriv::grad(fun,x)
}
)
tabDeriv = matrix(fD,ncol=ncol(X),byrow=TRUE)
# Center samples
Xc = scale(X,center=TRUE,scale=FALSE)
Yc = scale(Y,center=TRUE,scale=FALSE)
# Build matrix of outputs conforming with Xc
Yc = matrix(Yc,ncol=ncol(Xc),nrow=nrow(Xc),
byrow=FALSE)
# Compute VGs
vg = colMeans(Yc*tabDeriv*Xc)/var(Y)
return(vg)
}
# Monte Carlo sample size
nMC = 10^6
# Model function
yFunc = function(x1) exp(-abs(x1))
# Define uncertain variable(s)
ux = 4/3^0.5 # Standard uncertainty of X
# Sample uncertain variable(s)
X = matrix(runif(nMC, min=-ux*3^0.5,max=ux*3^0.5),
ncol=1)
# Ensure the match between sample
# columns and yFunc argument(s)
colnames(X) = ’x1’
# Sample model values
Y = yFunc(X)
varY = var(Y)
# Variance gradient(s)
Gx = vgSA(yFunc,X,Y)
print(Gx)
# Check VG
p = 0.1
ux1 = ux*(1+p)^0.5 # Change ux^2 by p*100%
X1 = matrix(runif(nMC,min=-ux1*3^0.5,max=ux1*3^0.5),
ncol=1)
colnames(X1) = ’x1’
varY1 = var(yFunc(X1))
cat(’Variance change\n’)
cat(’MC: ’,(varY1-varY)/varY,’\n’)
cat(’VG: ’, p*Gx[1])
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