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Abstract. In coordinate metrology a common task is to align the frame of reference of the work
piece, as represented by the coordinates gathered by a coordinate measuring system, with that
associated with its specification. The positions of geometric features of a work piece are often specified
relative to datum features that define an axis system or frame of reference for the work piece. For
an ideal geometry and ideal measuring system, subsequent calculations will not depend on which
datum features are used to define the frame of reference. For real geometries, the presence of form
error associated with the datum surfaces means that different measurement strategies will lead to
different definitions of the frames of reference and therefore different estimates of the positions of other
geometric features associated with the work piece. In this paper we define approaches for evaluating
the contribution of form error associated with datum features to the uncertainties associated with
geometric features derived from coordinate data.

1 Introduction

Coordinate measuring machines (CMMs) are one of
the most important tools in form and tolerance as-
sessment in precision engineering. They are used to
estimate how close a manufactured work piece is to
its ideal geometry, as specified by a technical drawing
or CAD specification. In order to be able to relate the
work piece to its design, it is necessary to align the
frame of reference of the work piece, as represented
by the coordinates gathered by the CMM, with that
associated with its specification.

The position, i.e., location and orientation, of ge-
ometric features of a work piece are often specified
relative to datum features that define an axis system
or frame of reference for the work piece. For example,
a work piece might be associated with three planar
surfaces that are nominally flat and mutually orthog-
onal. Measuring three points on one plane, two points
on another and one point on the remaining surface is
sufficient to fix the six degrees of freedom associated
the definition of the frame of reference. For an ideal ge-
ometry and ideal measuring system, subsequent calcu-
lations will not depend on which six measured points
are used to define the frame of reference. For real ge-
ometries and measuring systems, the effect of form
error and squareness errors, i.e., non-ideal geometry,
associated with the datum surfaces means that differ-
ent measurement strategies will lead to different defi-
nitions of the frame of reference and therefore different
estimates of the positions of other geometric features
associated with the work piece. In section 2, we discuss
approaches to evaluating the uncertainties associated
with coordinate data gathered from engineering sur-
faces and in section 3 we show how these uncertainties
can be propagated through to derived geometric fea-
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tures. Section 4 discusses approaches for evaluating
the contribution of form error associated with datum
features to the uncertainties associated with geomet-
ric features and includes a numerical example related
a multi-feature artefact designed by Rolls-Royce. Our
summary and concluding remarks are given in sec-
tion 5.

1.1 Notation

Given point coordinates xi = (xi, yi, zi)
T, where i ∈

I = {1, . . . ,m}, the symbol xI denotes the 3m × 1
vector of point coordinates:

xI = (x1, y1, z1, x2, y2, z2, . . . , xm, ym, zm)T.

2 Uncertainty associated with surface
coordinate data

Suppose u 7→ s(u,a) defines a parametric curve or
surface. The parameters u determine the position of a
point on the surface and the parameters a determine
the shape and position of the surface. We now assume
that a set of measured coordinates, xI generated ac-
cording to the model

xi = s∗i + fini + ei + εi, i ∈ I = {1, . . . ,m}

where xi is the 3 × 1 vector storing the observed co-
ordinate data for the ith point, s∗i is a point lying on
the surface with ideal geometry, fini is the form error
at the ith point in the direction of ni, the unit nor-
mal to the ideal geometry, and fi is the signed size of
the form error, ei is the parametric (systematic) er-
ror of the coordinate measuring system at xi, and εi
represents the random effects.
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Given a statistical characterisation of the quanti-
ties f = (f1, . . . , fm)T, eI , and εI in terms of means
and variances, then the means and variances associ-
ated with the point coordinates xI can be determined
using the law of propagation of uncertainty [1–3]. In
particular, if

f I ∼ N(0, Vf ), eI ∼ N(0, Ve),

and
εI ∼ N(0, σ2

MI),

then the variance matrix VI associated with xI is
given by

VI = NTVfN + Ve + σ2
MI, (1)

where N is the m× 3m block diagonal matrix storing
nT

i in the 1× 3 diagonal blocks.
If the measuring system is a coordinate measur-

ing machine (CMM), then the systematic error ei is
often modelled in terms of the kinematic (or para-
metric) errors arising from the non-ideal geometry re-
lating to scale errors, straightness and rotational er-
rors [9,11]. In this case, ei = e(xi, b) where e(x, b)
describes the kinematic error model as a function of
location in the CMM working volume involving pa-
rameters b = (b1, . . . , bp)T. For example, b could be
the coefficients of polynomial functions describing the
kinematic errors. If b ∼ N(0, Vb), then

Ve = EVbE
T,

where E is the 3m×p matrix of the partial derivatives
of e(xi, b) with respect to b.

While it may be valid to model the form errors
f as associated with a multi-normal distribution f ∼
N(0, σ2

F I), it may be more realistic to impose some
spatial correlation [7] on them to reflect the fact that
the form error is likely to vary smoothly. For example,
we can use a Gaussian processes model [10] that spec-
ifies the covariance cov(f, f ′) of form errors f and f ′

at locations s and s′ on the surface is given by

cov(f, f ′) = k(s, s′) = σ2
F exp

{
− 1

2λ2
‖s− s′‖2

}
where λ defines length scale over which the correlation
operates. For this type of model, the ijth element of
Vf is given by k(s∗i , s

∗
j ). In practice, this latter ex-

pression is usually approximated by k(xi,xj).

3 Uncertainty model associated with
geometric features

Suppose, as before, that u 7→ s(u,a) defines a para-
metric curve or surface (e.g. a circle or cylinder). The
least squares best-fit surface to data xI can be found
by minimising∑

i∈I
d2i (xi,a), di(xi,a) = (xi − s(u∗i ,a))Tni,

where u∗i specifies the point s∗i = s∗(u∗i ,a) on the
surface closest to xi and ni is the normal vector at
s∗i .

Let J be the Jacobian matrix at the solution a∗,
Jij = ∂di/∂aj and let

J = QR = [Q1 Q2]

[
R1

0

]
(2)

be its QR factorisation [6,8]. Then

S = R−11 QT
1N

is the sensitivity of the solution parameters a to the
data xI so that the variance matrix Va associated
with the fitted parameters is derived from VI accord-
ing to

Va = SVIS
T = S

(
NTVfN + Ve + σ2

MI
)
ST,

= R−11 QT
1 VfQ1R

−T
1 + SVeS

T + σ2
M (RT

1 R)−1.

This latter equation decomposes of the variance ma-
trix associated with the fitted parameters into its com-
ponents arising from form error, and systematic effects
and random effects associated with the measuring sys-
tem.

Similarly, the uncertainties associated with the co-
ordinate data can be propagated through to the vector
of residual distances d, where di = d(xi,a) evaluated
at the solution, according to

Vd = DVID
T,

= Q2Q
T
2 VfQ2Q

T
2 +DVeD

T + σT
MQ2Q

T
2

with D = Q2Q
T
2N , where Q2 arises from the QR fac-

torisation of J in (2).
Inferences about the fitness of purpose of a man-

ufactured artefact are often made on the basis of the
evaluated parameters a and residual distances d, but
these are only estimated on the basis of measured
data subject to systematic and random effects and
it is important to quantify how well these estimates
have been determined. The uncertainty calculations
described above allow such decisions to take into ac-
count the contribution of the various influence factors.
Figure 1 illustrates the relationship of the fitted ideal
geometry to the true geometric surface.

4 Evaluated geometries relative to datum
features

In measuring an artefact, it is often necessary to mea-
sure datum surfaces associated with the artefact and
then use these measurements to provide the coordi-
nate data in a frame of reference derived from the
datum surfaces. For example, this alignment to da-
tum features is usually necessary in order compare
the artefact geometry with that specified in a design
drawing or CAD specification.

The datum features are chosen to provide six con-
straints to fix the frame of reference. For example, the
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Fig. 1. Relationship between evaluated geometry and ac-
tual geometry taking into account the influence of form
error and systematic and random effects associated with
the measuring system

datum features may be three planes that, nominally,
are mutually orthogonal. Measuring three points on
one plane, two on a second and one on the third can
be sufficient to assign the frame of reference. A plane is
defined by three parameters, and threes plane are de-
fined by a total of nine parameters. The measurement
of six points only eliminates six degrees of freedom.
The other three degrees of freedom are eliminated if
we assume that the planes are mutually orthogonal. If
the planes have form error, then choosing a different
set of six points will generally define a slightly different
frame of reference. The effect of systematic and ran-
dom effects associated with the measurement system
will also have influence in the defined frame of refer-
ence. In this section, we provide a general approach to
evaluating the influence of these effects on the defined
frame of reference and on subsequent calculations.

In order to describe the concepts, we use a multi-
feature artefact designed by Rolls-Royce and pictured
in figure 2. The artefact has a number of features in-
cluding a planar upper surface (three parameters), a
line feature on one side (two parameters), a central
circular spiggot (three parameters), a scallop, i.e., an
arc of a circle on one side (three parameters), a con-
ical feature centred around the central spiggot (six
parameters) and six circular holes (three parameters
each). Some of these features have been manufactured
to include specified form errors. To the kth feature, we
associate the kth set of feature parameters ak, and as-
semble all the feature parameters into a single vector
a.

The preferred frame of reference of the complete
geometry is specified by six constraints of the form

c(a) = c0. (3)

For example, we can constrain the normal of a plane to
be parallel to the z-axis and the plane to pass through
the origin; this imposes three constraints.

Suppose that coordinate data xI is measured by a
coordinate measuring system and that the coordinates
are given in an arbitrary frame of reference. We as-
sume that the measured points are sufficient to deter-

Fig. 2. Rolls-Royce multi-feature artefact.

mine estimates of the parameters ak associated with
the datum features. In order to conform to the frame
of reference constraint (3), we seek a rigid body trans-
formation

x̂i = T (xi, t),

such that the fitted feature estimates âk = âk(xI , t)
derived from the transformed data set x̂I conforms to
(3), i.e.,

c(â(xI , t)) = c0. (4)

The equation (4) implicitly defines the transformation
parameters t = t(xI) as functions of xI and the uncer-
tainty associated with xI can be propagated through
to t. The transformed data set x̂I = T (xI , t(xI))
is then used to evaluate the parameters â associated
with all the geometric features. The transformed set
is a function of xI , so uncertainty propagates through
to x̂I , and hence to â, with evaluated variance ma-

trices V̂I , and V̂a, respectively. Note that if X is the
3m× 3m sensitivity matrix of x̂I with respect to xI ,
then

V̂I = XVIX
T.

Furthermore, X has the form

X = G+KH

where G is the 3m× 3m block diagonal matrix whose
ith 3× 3 block stores

∂T

∂x
(xi, t), i ∈ I,

K is the 3m× 6 matrix storing

∂T

∂t
(xi, t), i ∈ I,

and H is the 6× 3m matrix storing

∂t

∂xi
, i ∈ I,

I = {1, . . . ,m}. Thus, calculations with X can be per-
formed compactly and efficiently in terms of the diag-
onal blocks of G and the compact matrices K and H.
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Table 1. Uncertainties associated with datum features
i) three plane parameters, ii) two line parameter and iii)
three circle parameters. The second and forth columns re-
late to variance matrix VI in the CMM frame of reference
for low and moderate form error, while the third and fifth

columns correspond to V̂I for the datum frame of reference.

z/(0.001 mm) 0.51 0 2.29 0
α/(0.001 rad) 0.02 0 0.07 0
β/(0.001 rad) 0.01 0 0.06 0
y/(0.001 mm) 0.99 1.11 0.99 7.15
γ/(0.001 rad) 0.01 0 0.01 0
x0/(0.001 mm) 0.50 0 7.08 0
y0/(0.001 mm) 0.50 0 7.08 0
r0/(0.001 mm) 0.36 0.36 5.01 5.01

4.1 Numerical example based on the Rolls-Royce
multi-feature artefact

There a number of ways of using the features of the
multi-feature artefact, figure 2, to specify a frame of
reference. The calculations below relate to the follow-
ing choices i) the upper datum surface coincides with
the plane z = 0, constraining translation along the
z axis and rotations about the x- and y-axis, ii) the
datum side line is parallel to the x-axis, constrain-
ing rotation about z, and iii) the spiggot centre co-
incides with x0 = y0 = 0, constraining translations
along the x- and y-axis. The simulated measurement
strategy involves gathering 5 points on upper datum
face, 3 points on datum side line, 4 points on spig-
got, 4 points for each of six the holes, 5 points on the
scallop feature and 8 points, 4 on each of two circles
on the cone. The associated features are plane, line,
circle, and cone. The influence factors modelled are
CMM scale and squareness errors, [4,5], CMM random
effects, and form error for each feature. The calcula-
tions derive the uncertainties in the feature parame-
ters calculated according to the frame of reference of
the CMM and that imposed by the frame of reference
constraints associated with the datum features. The
calculations are based on low and moderate form er-
ror associated with the datum features.

Uncertainties associated with datum features i) three
plane parameters, ii) two line parameters and iii) three
circle parameters are shown in table 1. The second and
fourth columns relate to variance matrix VI in the
CMM frame of reference for low and moderate form
error, while the third and fifths columns correspond

to V̂I for the datum frame of reference. In the datum
frame of reference, 6 of the parameters are fixed and
have zero uncertainty. The constraints have the effect
of redistributing the uncertainties amongst those pa-
rameters that are unconstrained. Table 2 provides the
uncertainties associated with the hole features while
table 3 gives the uncertainties associated the scallop
and cone features. The uncertainties associated with
the x-coordinate and radius of the scallop feature are
large due to the fact the only a relatively small arc of
the circle is measured.

Table 2. Uncertainties associated with centre coordinates
of the six hole features. The units are micrometres. The
first and third columns relate to variance matrix VI in the
CMM frame of reference for low and moderate form error,

while the second and fourth columns correspond to V̂I for
the datum frame of reference.

3.65 3.71 3.65 7.98
3.61 3.66 3.61 7.96
2.51 2.51 2.51 2.51
7.10 7.12 7.10 10.02
7.08 7.11 7.08 10.02
5.01 5.01 5.01 5.01
8.53 8.56 8.53 11.10
8.52 8.54 8.52 11.08
6.01 6.01 6.01 6.01

Table 3. Uncertainties associated with the scallop (first
three rows) and cone features (remaining rows). The pa-
rameters in rows 1–5 and 9 correspond to lengths and are
in units of micrometres. The other parameters are in units
of 0.001 radians. The first and third columns relate to vari-
ance matrix VI in the CMM frame of reference for low and
moderate form error, while the second and fourth columns

correspond to V̂I for the datum frame of reference.

43.11 43.12 43.11 43.69
3.95 4.90 3.95 8.60

42.79 42.79 42.79 42.79
1.80 1.87 1.80 7.31
1.80 1.87 1.80 7.31
0.09 0.09 0.09 0.11
0.09 0.09 0.09 0.11
0.06 0.06 0.06 0.06
1.15 1.45 1.15 4.14

5 Summary and concluding remarks

In this paper we have discussed the propagation of un-
certainties associated with form error, CMM system-
atic and random effects through to feature parameters
and residual distances. The approach is quite generic
and requires only the evaluation of the sensitivity ma-
trices. If necessary, numerical techniques such a finite
differences can be employed in their evaluation. We
have also considered effect of form errors on datum
features on evaluated geometries described in a frame
of reference derived from the datum features. The ap-
proach enables their uncertainty contributions to be
evaluated so that i) tolerances on datum features can
be informed by their likely effect on evaluated ge-
ometries, and ii) different datum-ing strategies can be
compared.
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